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Abstract-The use of isoparametric finite elemts in solving three-dimensional problems typically requires 
the numerical evaluation of a large number of integrals over individual element domains. The 
evaluation of these integrals by numerical quadrature, which is the traditional approach, can be com- 
putationally expensive. For certain problems the present study provides a more efficient method for 
evaluation of the needed integrals. For these problems some or all of the desired integrals can be evaluated 
as linear combinations of basic integrals whose integrands are either (i) products of shape (interpolation) 
functions or (ii) a derivative of a shape function times a product of one or more shape functions. Basic 
integrals of these two types (when written in terms of local coordinate systems) have integrands which are 
polynomial both in the variables of integration and in the nodal coordinates and, thus, can be expressed as 
linear combinations (with rational number coefficients) of a set of polynomial functions of the nodal 
coordinates. Group theoretic techniques can be employed to select appropriate sets of polynomial functions 
for use in these expansions and to reduce substantially the number of basic integrals which need to be 
explicitly evaluated. 
The details for the approach have been worked out for a ten-node isoparametric tetrahedral element 
through the use of MACSYMA, a computer system for algebraic manipulation. The symmetry group for this 
element has order 24. The basic integrals of types (i) and (ii) are expressed as linear combinations of 20 and 
26 terms, respectively. The special case of a straightedged tetrahedral element with mid-edge nodes is also 
discussed. 
NOTATION 
irreducible representations of the group Td 
basic integrals defined in eqns (l4), (IS) 
limits of summation 
known functions 
values of known functions at the kth node of the eth finite element 
differential operators defined in eqn (9) 
matrices for the irreducible representations of the group T,+ 
matrices for group representations of Td 
functions introduced in eqn (4) 
coefficients introduced in eqn (28) 
functions introduced in eqn (8) 
basic integrals defined in eqn (13) 
Jacobian of transformation from global coordinate system to local coordinate system 
values of Jacobian at quadrature points 
stiffness matrix 
number of known factors 
shape (or interpolation) functions 
number of nodes in problem domain fl 
number of nodes in finite element domain R’ 
load vector 
coefficients in expansion of basic integrals with s = 2 
coefficients in expansion of A-integrals 
number of unknown functions 
symmetric group on n objects 
coefficients in expansion of B-integrals 
number of derivatives occuring in a basic integral 
symmetry group of a regular tetrahedron 
functions introduced in eqn (4) 
coefficients introduced in eqn (5) 
number of shape functions occuring without derivatives in a basic integral 
functions introduced in eqn (8) 
coefficients introduced in eqn (IO) 
volume of R’ 
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w, weights for Gaussian quadrature 
5 or x. global coordinates 
xlir or x ” _ (I values of the global coordinates at kth node of R’ 
Greek symbols 
c,8r permutation symbol 
( local coordinates 
&,(J] unknown functions (fundamental unknowns) 
” k values of the unknown functions at kth node of R’ 
(Li values of the unknown functions at jth node of fl 
R problem domain 
fl domain of the eth finite element 
1. INTRODUCTION 
The use of isoparametric finite elements[ 11 has become an important echnique for the solution 
of three-dimensional continuum mechanics problems. However, the generation of the charac- 
teristic matrices (stiffness, mass, load, etc.j for such elements requires numerical evaluation 
of a large number of complicated integrals over individual element domains. The traditional 
approach for evaluating these integrals uses numerical quadrature, which although both simple 
and adaptable to computer programming can be computationally expensive. For certain 
applications the present study provides a more efficient way for evaluating the characteristic 
matrices. 
Let an integral over the three independent variables in the problem definition be called basic 
if its integrand can be expressed as a product of shape (interpolation) functions and/or first 
derivatives of shape functions. Assuming that in the integrands of the various components of 
the characteristic matrices the only quantities which depend on the three independent variables 
are the shape functions and their derivatives, then each such component may be expressed as a 
linear combination of basic integrals. The above assumption is not very restrictive because any 
known functions (e.g. variable coefficients in the P.D.E.‘s or in the governing functional) of the 
three independent coordinates can be well approximated as linear combinations of the shape 
functions, and, indeed, for engineering applications uch known functions are often specified by 
their nodal values anyway. The problem of evaluating characteristic matrices is thus reduced to 
one of efficiently evaluating the various basic integrals. 
The basic integrals which contain no derivatives with respect to the three independent 
variables or which contain just one such derivative are referred to in this study as A- or 
B-integrals, respectively. It is shown for a wide class of three-dimensional isoparametric 
elements that both the A- and B-integrals can be expressed as polynomials in the nodal 
coordinates. On the other hand, the basic integrals which contain two or more derivatives are, 
in general, too complicated for analytic evaluation, and consequently, one must resort to 
numerical quadrature or to some other approximation scheme for their evaluation. These more 
troublesome integrals can be avoided entirely if the problem is formulated in terms of sets of 
first order P.D.E.‘s and solved via the Galerkin process. 
For the sake of computational efficiency the A- and B-integrals can be expressed as linear 
combinations of polynomial functions of the nodal coordinates. For the ten-node isoparametric 
tetrahedral finite element, 20 and 26 terms are required for the evaluation of the A- and 
B-integrals, respectively. 
The approach taken for a somewhat general three-dimensional isoparametric finite element 
is outlined in Section 2. Then the particular problem of evaluating integrals over the ten-node 
isoparametric tetrahedral element is discussed in Section 3. The results of Section 3 are 
compared with the numerical quadrature approach in Section 4, and some possible extensions 
of this study are discussed in Section 5. 
2. THREE-DIMENSIONAL ISOPARAMETRIC FINITE ELEMENTS 
Coordinate systems 
Two types of coordinate systems will be used in this study. The first type will be referred to 
as global coordinates. These coordinates are denoted by x or x1, x2, x3, and represent he 
independent variables in the problem definition. The second type will be referred to as local 
coordinates. They are denoted by 4 or &, t2, t3, and are chosen such that in terms of them the 
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(al THE ELEMENT AS VIEWED IN 
THE GLOBAL COORDINATE SYSTEM 
Ibl SAME ELEMENT AS VIEWED IN 
ITS LOCAL COORDINATE SYSTEM 
Fig. 1. The ten-node isoparametric tetrahedral finite element. 
element boundaries will have simple expressions. The global and local coordinates ystems for a 
ten-node isoparametric finite element are illustrated in Fig. 1. 
The problem domain R is decomposed into finite element domains R’ connected at 
appropriate nodes, i.e. R = U,R’. Let the eth element have n nodes with global coordinates 
x’v (k = 1 + n) and let the Lagrangian shape functions N’(f) (k = 1 + N) be polynomials in 6 
chosen such that N’(t) evaluates to one at the kth node and to zero at all other nodes of the 
element. The shape functions are, at minimum, required to satisfy the conditions 
F n Nk(_5) =1 and =I (1) 
where 5’ is the position of the kth node. The relation between local and global coordinates 
within ihe eth element is given by 
Consequently the Jacobian of the transformation from 3 coordinates to 5 coordinates is 
k ic k aNi aNi aNk 
Qlp& xf3 x, --- 
atI at2 a6 
(2) 
(3) 
where +rv is the permutation symbol on three indices and evaluates to 1, 0, or - 1. It follows 
that .I is a polynomial both in 5 and in the nodal coordinates 5”. For the subsequent 
development, it will prove useful to express the Jacobian in the following general form 
where the F,(t) are polynomial functions of the 5; the T,,(x’“) have the form 
(4) 
(5) 
the TPijk are rational number coefficients; and the summation limit, u, is as yet undetermined. 
The F, and T, will be chosen so as to have simple group transformation properties. 
The discretization process 
If the r unknown functions which occur in the problem definition (e.g. displacements, 
stresses, velocities, pressures, etc. or some combination of these) are represented by 4,(x) 
(1 = I + r), then the I&) are approximated within the eth element by 
h(x) = $, 4pNk(_5); (I= 1-r) (6) 
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where $I~’ represents the values of I/lr(&) at the kth node of the eth element. Because of eqns 
(I), (2) and (6), any function $1 which depends linearly on ,J will be accurately represented 
within the domain R’. In correspondence with eqn (6) the quantities a$,(_r)/&x, are ap- 
proximated within R’ (see Appendix A) by 
In general, the differential operator J(a/ax,), when acting on functions of local coordinates, e.g. 
the right hand member of eqn (6), can be shown to have the form 
where the G,(t) are polynomial functions,of 5; the aDv have the form 
Dv=i d,$: (y= 1+3) 
6-I 
the U’s have the form 
n-l n 
(v=l-+b;a=1+3) 
(8) 
(IO) 
the d’s and 0’s are numerical coefficients; and the summation limit, 6, is as yet undetermined. 
Known functions CP(&) (4 = 1 +m) which occur in the problem definition (e.g. variable 
coefficients, loads, forcing functions) may be approximated by 
n 
G(x) = 7 CplrcNk(& (e= 1-m) =I (11) 
where the C,“’ are the values of the C,(x) at the kth node of the eth element. Often in 
engineering problems it is the CP which are specified, in which case this type of expansion comes 
about naturally. 
Continuity of type C” of the unknown functions 4,(x) across element boundaries i  imposed by 
equating those I++P from different elements which correspond to the same node. Since frequently 
several superscript pairs (k, e) will correspond to the same physical node, it is convenient for 
purposes of assembling the contributions from the various finite elements to renumber the nodes in 
the problem domain fl to range from 1 to N, where N is the total number of distinct nodes, and to 
designate the nodal values of the &l(x) by 1,4j 0’ = 1 + N) rather than by $? (k = 1 + n). The result 
of this discretization procedure together with the imposition of suitable boundary conditions is a 
system of algebraic equations which may be solved numerically for the $j. For example, atypical 
system of equations resulting from static linear problems in structural mechanics has the form [ l] 
(12) 
Basic integrals 
Because of eqns (3), (6). (7) and (1 l), each component of characteristic matrices (such as the 
stiffness matrix Kj$ and the consistent load matrix P; of eqn (12) is expressible as a linear 
combination of basic integrals. Here “basic” integrals are defined to be integrals of the form 
(subscripts = I + 3; superscripts = I + n). (13) 
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Two special cases of basic integrals receive a special notation. For s = 0 we define 
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(14) 
and for s = 1 we define 
B iI.& . . . . . i,.i(xke)= Iai:il.j2 . . . i 
(I ‘(Xk’). (1% 
These last two sets of integrals will be referred to as A- and B-integrals, respectively. Because 
the shape functions Nk are polynomials in 5, and because the Jacobian J and the quantities 
J(aN’/&) are polynomials in .$ and xkc, it follows that both the A- and B- integrals evaluate to 
polynomials in Tke. 
In particular, it follows from eqns (4) and (8) that the A- and B-integrals have the forms 
Aij...k= 2 %>...kT&(gke); (i,j,...,&=l+n) 
p=l 
B ij...k = 
CT 
i yJj...kum(Xky; (Lj,. . . , k=l+n; cr=I+3) 
v=l 
(17) 
where the %!‘s and Y’s are numerical coefficients, given by 
$,?lr = 
I 
F&)N’N’. . . N’d& d&d& 
y ij...k = 
Y $, G,(O@a,Ni)N’. . . Nk d[, d&d&. E 
(18) 
(19) 
To construct efficient computer code based on eqns (16) and (17), it is important o find 
minimum values of the summation limits, a and b, and to select T’s and U’s which are easy to 
evaluate. Since the 9’s and Y’s remain the same from one element o another of the same kind, 
the evaluation of the W’s and Y’s does not need to be repeated from one element o the next. 
Thus once the T’s and U’s have been evaluated for the particular element each A-integral for 
that element is numerically evaluated with only a multiplications and II additions, and each 
B-integral for that element is numerically evaluated with only b multiplications and b additions. 
As can be seen from eqns (4) and (8), a and b, as well as the T’s and U’s are independent of the 
number of superscripts on the A- and B-integrals. Since the cost for evaluating an integral is 
independent of the number of superscripts it has, the method is particularly successful when 
integrals with three or more superscripts are needed, for then the cost of computing the T’s and 
U’s is spread over a large number of A- and B-integrals. In contrast, when numerical 
quadrature is used, more quadrature points are needed as the degree of the integrand 
polynomials increase, and consequently integrals with more superscripts cost more to evaluate 
per integral than integrals with fewer superscripts. 
Equations (16) and (17) are intended to be implemented in a finite element program having a 
flowchart such as that shown in Fig. 2. Similar approaches for evaluating two-dimensional 
integrals have been discussed in [2-6]. An earlier report of the present work was given in [7]. 
For basic integrals containing two or more derivatives, i.e. s 2 2, it follows from eqns (8) 
and (13) that the Jacobian appears in the denominator raised to the power (s-l). Since only for 
special elements uch as (straight-edged) tetrahedrons or parallelopipeds can J be independent 
of & the presence of the Jacobian in the denominator, in general, makes the integrand arational 
(rather than a polynomial) function of the local coordinates, and results in the integrand being 
too complicated for analytic integration. Such basic integrals must be evaluated by some other 
method than the one described here. 
Group theory 
Finite elements uch as the ten-node isoparametric element of Fig. 1 have a high degree of 
symmetry. Consequently, there are many sets of numerically distinct A- or B-integrals with the 
302 C. M. ANDERSEN 
READ IN THE R; AND S; 
1 
EVALUATE AND STORE THE COEFFICIENTS 
i]...k 
f!J 
ANDJ;-' ON THE DISK FILES 
t 
4% GET COORDINATES FOR et' ELEMENT 
EVALUATE BASIC INTEGRALS. AiJmenk AND Bt"k 
GENERATE CONTRIBUTIONS TO lK1 AND iPI 
BY FORMING LINEAR COMBINATIONS 
OF BASIC INTEGRALS 
LAST ELEMENT ? 
ASSEMBLE CONTRIBUTIONS FROM VARIOUS 
FINITE ELEMENTS TO FORM [Kl AND IPI 
1 
SOLVE THE MATRIX EQUATION 
[Kl !#I = IP1 FOR ltit 
+ 
Fig. 2. Flowchart for finite element program. 
property that members of the same set have essentially the same analytic form. For example 
A” and A** will be symmetry related if nodes 1 and 2 are both vertex nodes. Symmetry 
,relations of this kind can be conveniently exploited by using the theory of group represen- 
tations. The A- and B-integrals (see eqns 16 and 17) are cast into the forms 
A”.,.‘= i 3~~...kT,,(xke) = 2 RvmD~pT,(&k’); (i, j,. . . , k = l+n) 
&&=I fit,=I 
where the superscripts m, n and ti, A in the right-hand members are integer-valued functions of 
the superscripts i, j, . . . , k of the center and left-hand members. The superscript m or rii 
specifies one of the sets of symmetry-related A- or B-integrals, and the superscript n or fi 
specifies a group transformation. The identity group transformation is denoted by the index 1. 
The [D”]‘s and [b”]‘s are matrices representing roup transformations in &. Consequently, [I?‘] 
and [6’] are unit matrices of dimensions a and b, respectively. One element from each of the 
sets is chosen as the representative integral for that set. It has n = I or A = 1 as the case may 
be. Thus, the Rvm and S,,” are the coefficients of the TV and CJW in the expansions of the 
representative integrals. Any two distinct members of a set of symmetry-related A- or 
B-integrals will be characterized by the same m or rii value but differing n or fi values. 
The task of relating the R’s and 9”s for arbitrary integrals to the coefficients of represen- 
tative integrals is greatly simplified if the [ID”] and [B”] matrices can be made sparse. One way 
of achieving sparseness is to choose the T’s and U’s such that the [D”]‘s and [b”]‘s are 
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block-diagonalized with each block corresponding to an irreducible representation of the 
symmetry group. Actually several blocks may correspond to the same representation. This 
technique also seems to aid in selecting T’s and V’s which can be easily computed. 
The advantages of using eqns (20) and (21) are that fewer integrals need be integrated 
symbolically and that the A’s and B’s are more conveniently summarized by listing values for 
the R’s and S’s than by giving the full list of values of the 3’s and Y’s. 
3. THE TEN-NODE ISOPARAMETRIC TETRAHEDRAL ELEMENT 
If the boundaries of an isoparametric tetrahedral finite element in local coordinates are as 
shown in Fig. l(b), a fourth local coordinate may be defined by 
54 = 1 - 5, - 52 - 53. 
The location of any point within the element may then be described (albeit redundantly) by 
specifying &, t2, &, t4. The fourth coordinate is useful because the tetrahedron boundaries and 
nodes are invariant under any permutation of the four coordinates. The symmetry 
group of the element is the symmetric group Y4 on four objects. However, from its geometrical 
interpretation as the symmetry group of a regular tetrahedron, the group is also known as the 
tetrahedral group Td. The five irreducible representations of Td are traditionally designated 
A,. F2. E, F,, A2[8] and have dimensions 1,3,2,3, I, respectively. However, in this study they 
will be designated A, F, E, l? A, respectively, in order to avoid subscripted superscripts. Any 
quantity which is left unchanged by each of the group transformations belongs to the trivial 
representation A. 
If the nodes are numbered from 1 to n, then to each of the 24 permutations of the four local 
coordinates there corresponds an “allowed” permutation on the numbering of the nodes. For 
example, for the ten-node element labeled as in Fig. I the coordinate permutation 
( 3 1 2 1 4 3 4 2> (23) 
corresponds to the nodal permutation 
1 2 3 4 5 6 7 8 9 10 
3 14 2 9 810 6 7 5’ > (24) 
The set of allowed nodal permutations acts on the superscripts of the A- and B-integrals and 
thereby transforms any given A- or B-integral onto the set of its symmetry-related integrals. 
For example the integrals related to &I*‘, when the nodes are numbered as in Fig. 1, are &“‘, 
I&‘,*, B,‘*9, Ba2,5, Ba2+6, Bor2*‘o, Bde6, Bd*‘, Bd+9, Bo4*‘, B2*, and B2”. The permutations on node 
numbers also induce linear transformations on any functions of the nodal coordinates. Such 
linear transformations are represented in eqns (20) and (21) by the matrices [D”] and [fi”]. 
A-Integrals 
Since the shape functions of the ten-node isoparametric tetrahedral element can be written 
in a form which is homogeneous and quadratic in 5, i.e. in [,, &, &, t4; the polynomial functions 
F,(t) of eqn (4) are homogeneous*and cubic in E(see eqn 3). 
the-representation (AOF) of T,, the F,(t) must belong to 
symmetrized Kronecker cube+ of (AOF), i.e. to 
(A@F)13’ = 3A@dF@E@l? 
Now since tr, Z2, 53, t4 belong to 
the representation which is the 
(25) 
a representation which has dimension 20. The group transformation properties of the F,(t) must 
combine with the group transformation properties of the T,(xk’) (under permutations-of the 
values of the nodal coordinates) to yield the Jacobian, a scalar of type 2. Consequently, the 
Symmetrization of the Kronecker product of a group representation taken with itself II times is discussed on page 267 
of Ref. [91. 
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3@4F@E@F. (26) 
Since there turn out to be no “accidental degeneracies”, the summation in eqn (4) is over 20 
terms (i.e. a = 20). When block diagonalized, the matrices [D”] have nine blocks on the diagonal 
and their decomposition corresponds to eqn (25). Consequently, eqn (20) may be written as 
Aii...k = 5 sepii...k 
p=l 
TJx”)= A& %“Tk + 5 [R;;+,R;;+~R;;+~I~~F”F”I 
.J=I 
(27) 
(Li,. . . , k=l+n) 
where m and n are functions of i, j, . . . , k, and [DF”], [DE”], [DFJI] are matrices which represent 
the nth element of the group T,, in the indicated representations.‘The one by one matrix [DA”] is 
omitted from eqn (27) since A is the trivial representation and thus [DA”] = 1 (n = 1 + 24). In 
eqn (27) it is convenient o choose T, equal to the volume V’ of the eth element. 
A specific choice for the matrices [DF], [DE”], and [Df] (n = 1+24) is given in Table 1. 
Since these matrices consist entirely of zeros, ones, and negative ones, no actual multiplications 
are needed for computing the 9’s from the R’s. The matrix elements given in Table 1 
correspond to the “natural” irreducible representations[lO] of the group 9’4. 
The functions F, and T, (p = 16+ 20) are determined up to a multiplicative constant by the 
above choice of [D]‘s. In addition, choosing T, = V’ results in F,(t) = 6. There is somewhat 
more freedom in selecting the remaining T’s and F’s and this freedom was used to attempt o 
minimize the computational effort of numerically evaluating the T’s. A suitable choice for the 
T’s is obtained by using the T’s (see eqn 5) given in Table 2. The corresponding F’s can be 
written in the form 
with values of the I% given in Table 3. Since 5, + 6 + t3 + & = 1, it follows from this table that 
F,(t) = 6. This completes the breakdown of the Jacobian. 
To compute the A-integrals a prescription for choosing the representative integrals and the 
appropriate group transformations for the nonrepresentative integrals is needed. The APL 
program given in Fig. 3(a) achieves this for the .A-integrals with up to three indices and its 
output includes values of m and n. Finally, the coefficients R” for the A-integrals with up to 
three indices are given in Table 4. Note that among the 220 A-integrals with three indices there 
are only 20 representative integrals. 
For the case of a tetrahedral element with straight edges and mid-edge nodes, the Jacobian 
is a constant. Consequently T,(x”) = 0 (p = 2+20) and 
Aij...k = R,“V’ (29) 
where V’ = T,(x”“) is the volume of the finite element. In this case the A-integrals are 
independent of the group transformation i dex m. 
B-Integrals 
For the ten-node isoparametric tetrahedral finite element of Fig. 1, the various quantities 
appearing in eqn (8) may be characterized by their transformations under the symmetry group 
T,+ Since the G’s in eqn (8) are homogeneous and quadratic in 6 and since &,52,&, 5.4 transform 
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Fig. 3. APL Programs for computing A- and B-integrals through the use of the contents of Tables 1,2,4-6. 
(a), Program for A-integrals; (b), Program for B-integrals. 
as (AOF), it follows that the G’s must transform as the symmetrized Kronecker squarei of 
(AOF), i.e. as 
(A + F)‘*’ = 2A@2F@E. (30) 
The differential operators LB,, (F = 1 + 3) transform as E The set of 10 nodal coordinates 
transform as (2A@2F@E); but since the integrals are independent of translations 
xke --* xke + constant - - - (31) 
the U’s may transform, at worst, as the antisymmetrized Kronecker square(81 of (A@2F@E), 
i.e. as 
(A@2F@E)“*’ = /i@SI7@2E@SF@A. (32) 
Since the U’s, G’s and 9’s must combine in such a manner as to yield a type A scalar, the 
transformation properties of eqn (8) can be no more complicated than the following symbolic 
form: 
~=(/ixF+2~xA+2~xF+~xE+2ExF+2FxF+FxE)xF (33) 
where the first. second and third factors in each term represent transformation properties of the 
U’s. G’s and 9’s, respectively. More specifically, the group transformation properties require 
312 
eqn (8) to have the form 
C. M. ANDERSEN 
where the 0’s are functions of nodal coordinates, the g’s are functions of 5, the C’s are 
coupling coefficients given in Fig. 4, and the 9’s are given by 
A suitable choice for the g’s is given by 
’ AA' 
g 
g 
A.2 
gzE 
gzE 
( a”’ , = 
gzR' 
g3E’ 
aE2 
gzE2 
. g3F.2 , 
a 
a51 
a 
a52 * (1 a ab a - ah 
3 3 3 3 2 2 2 2 2 2 
3 3 3 3 -2 -2 -2 -2 -2 -2 
0 0 0 0 2 -1 -1 -1 -1 2 
0 0 0 0 -1 2 -1 -1 2 -1 
1 1 1 -3 -2 -2 -2 -2 -2 -2 
1 1 -3 1 -2 2 -2 2-2 2 
l-3 1 1 2 -2 -2 2 2 -2 
3 3 3 -9 -2 -2 2-2 2 2 
3 3 -9 3 -2 2 -2 2-2 2 
3-9 3 3 2 -2 -2 2 2 -2 
With this choice of g’s the I!?S may be written as 
1 O”“=--u -- * 4 l Ua.A+4 +& u,,*+lo o.r+l 32 
(35) 
(36) 
1 oEl=--u aA 6 a.A+13 
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(37) 
where the U,, (a = l-* 3; v = 1 + 26) are to be identified with the U’s appearing in eqns (8), (17) 
and (21). The coefficients 0)” (v = 1 + 26; 1 5 j s k I lo), which serve to define the U,, via eqn 
(lo), are given in Table 5. The choice of U,,, was governed by trying to make as many 
coefficients a,!” zero as possible. Since in eqn (37) the second subscript of the U’s ranges from 
1 to 26, the value of the summation limit b in eqn (8) is 26 for the ten-node isoparametric 
tetrahedral element. 
Since eqn (21) for the B-integrals is based on eqn (8) and since the U,, have been chosen to 
belong to specific irreducible representations of the group Td, the matrices [bfi] in eqn (21) must 
have block diagonal form. The B-integrals thus may be written as 
U,,3A-1 
Bczii...k = 
[ 1 U*tr v=l U a,3A+l 
+ *i, [s~+12%4+131[~Efil 3r+,5S;i+,6S~+171mIl (38) 
= 
(ii,. . . , k=l+n; a=1+3) 
v = 1 
CiiFF 
APV 
= [2 111 
CEFF 1 -1 2 = h!JV -1 2 11 
CTAF = 
h!JV 1 -1 
CFEF = A!Jv [ 1 -1 -  1 
0 0 0 
$FF h@V = [ 0 0 -1 I 0 1 
v=2 
[l 2 11 
[ -2 1 -2 1 -1  1 [I -1 0
0 
[ 2 0 -1 
-2 -1 I 
[ -1  2 -1  I 
[ -1 2 -2 1  1 
i -1 0 0 01I 
v-3 
[l 1 21 
[ 2 1 -1  2 1 I 
1 
[I 0 0 
[ -1  -2 0
-1 -2 I 
[ -1  -1  -2  1 
‘[ -1 2 1 21 
[ 0 1 -1 0 0 I 
Fig. 4. Coupling coefficients for representations of the group Td. These coefficients couple the_ three 
irreducible representations i dicated by the superscripts othe “pseudoscalar” representation A. 
314 C. M. ANDERSEN 
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where the matrices [I&“], [DE”] and [OF”] (n = l-24) are given in Table 1. Values of S,” for 
representative integrals with up to three indices is given in Table 6. Finally, the values of ti and 
ii are determined by the APL computer program of Fig. 3(b). Note from Table 6 that for the 300 
numerically distinct integrals B,” and for the 1650 distinct integrals &Ok there are only 9 and 38 
representative integrals, respectively. 
For the case of a tetrahedral element with straight edges and mid-edge nodes, eqn (38) 
simplifies to 
B,““.‘=[S,“~*,“S,~][~,“] :‘i ; [I u’ (i,j,...,&=l+n;a=1+3) (39) a.4 
where 
3,” = SF+:, - 3S:+4 - 6S:+, + 5S:+,0 (v= I-3). (40) 
Of course, for this case the IY_,, (a = 14 3; u = 2-4) are also much simpler to evaluate. From 
eqn (10) and Table 6 one finds 
(41) 
Verification 
The correctness of the entries in Tables 1,2,5-7, as well as the validity of eqns (27), (38), (5) 
and (lo), was verified by constructing the APL programs hown in Fig. 3 and comparing the 
values of A- and B-integrals o obtained with values obtained from computer programs based 
on numerical quadrature. The results were in complete agreement, hough, of course, the 
programs based on numerical quadrature ran slower. 
The inputs to the programs of Fig. 3(a) for computing A-integrals consist of the four arrays 
X, DDD, TBAR and RCOEFFS, where X is a 3 by 10 array containing the x-, y- and 
z-coordinates of the ten nodes numbered as in Fig. 1, DDD is the 24 by 23 array of integers 
which comprise Table 1, TBAR is the transpose of the 121 by 23 integer array given in Table 2, 
and RCOEFFS is the 30 by 23 integer array of Table 4. The printed output from the main 
program AINTEGRALS consists of four numbers per A-integral, namely (lOOOO*i +lOO*j + k), 
m(i, j, k), n(i, j, k) and Aijk. The ranges of the indices satisfies the relation 
OIirj5k510 (42) 
with 0 standing for no index. Thus A-integrals with 0, 1, 2 and 3 indices are evaluated by the 
program AINTEGRALS. The output from the subprogram AAA is the array T,(x”) 
(F = 1+20), and the output from the subprogram TRA consists of a multiple of Rpiik (F = I+ 
20) for given i, j, k. 
The inputs to the programs of Fig. 3(b) consist of the four arrays X, DDD, UBAR and 
SCOEFFS. where the arrays X and DDD are the same as above, UBAR is the transpose of 
the 45 by 28 integer array of Table 5, and SCOEFFS is the 49 by 29 integer array of Table 6. 
The printed output from the main program BINTEGRALS consists of six numbers per 
B-integral, namely, (lOOOO*i +lOO*j+ k), ti(i,j, k), rl(i, j, k), B,‘jk, Bzuk and B,“. The ranges of 
the indices of the B-integrals atisfy 
OliSjllO: i 5 k 5 10; 11a53 (43) 
The output from the subprogram BBB is the transpose of the array U,, (a = 1 + 3; v = 1 + 26) 
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Table 6. Values of the numerators and denominators of the 
nl 
1 
2 
3 
4 
5 
6 
7 
e 
9 
10 
11 
:: 
14 
15 
1’3 
17 
1” 
1; 
?‘J 
2L 
22 
23 
24 
23 
2’ 
27 
2:. 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
3') 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
i j I: 
0 0 1 
0 0 5 
011 
0 12 
0 15 
0 1G 
0 5 1 
0 5 3 
0 5 5 
0 5 6 
0 5 7 
111 
112 
115 
116 
12 1 
12 3 
12 5 
12 6 
12 7 
15 1 
15 2 
15 3 
15 5 
15 fi 
1 5 7 
15 n 
16 ; 
1 6 2 
16 4 
16 5 
16 6 
16 7 
16 8 
5 5 1 
5 5 3 
5 5 5 
5 5 G 
5 5 7 
3 6 1 
5 6 2 
5 6 4 
5 6 5 
5 6 7 
5 6 9 
5 610 
5 7 1 
5 7 5 
5 7 6 
numerator of sij4 for 
" 
1 2 3 4 5 6 7 8 
-16 23 -23 2: 4; -5 5 -2 
16 -24 -24 24 42 -42 -15 
-112 160 -160 1 E 0 -4 4 -4 -5 
48 522 
16 24 1;: 
-72 -24 -30 30 9 
-103 90 27 -27 -31) 
0 11 
21; 
-12 -4: -3; 33 24 12 
-80 -15E 156 G -9 !I -'I 
-16 12 7: 43 21 7c 36 -9 
8 7 
I:; 
-12 12 12 18 -18 -9 
16 72 0 12 -90 -60 -3 
0 n 3 -8 -4 -4 4 1 
-80 104 -104 104 2 -2 2 
-176 -312 -312 312 -366 -174 174 14: 
240 -'lG 312 -312 714 307 -357 -228 
48 -!I6 9G -24 31 -81 -1oe -24 
304 -312 444 -444 18 27 -27 9 
-48 576 1752 O -57 -366 -252 27 
-112 -49: -492 492 -231 -231 231 126 
1342 c -316 36 3G 252 -Gl 59 -87 175 87 73 -23 27 
-560 956 c ; -3 - 4 2 
49G 4603 996 -99s -228 -147 147 42 
-30 412 -792 72 231 138 10: -126 
12s 9G 1020 -1020 924 271 -201 -415 
16 -I34 -120 -17: -36 152 75 13 
32 -2?C -76 7G G 31 -39 6 
176 -1632 G9F 429 -456 3'l6 831 231 
-32 103 -10" 2 14 -27 27 -48 9 
416 jO?G 1194 -82: iL9 IL -31 -GO 
52 j6 -36 3 : 4 -37 27 402 27 
-112 324 036 -163 37 -1i2 282 -33 
-128 372 -372 -35O -313 393 375 136 
-16 -612 -1fi3 456 Zi3 66 -4:s -Sl 
0 -154 lF4 12:. 25 -25 -20 -4 
-704 2712 -1344 1344 4 2 -12 12 -114 
-32 -96 -12 i80 102 411 207 -57 
16 -24 -24 24 -7 3: -30 -23 
64 -72 312 
_;;ig 
_;2' -4ZO -294 24 
-16 162 162 -66 -66 66 21 
-224 516 -576 492 51 -105 141 -42 
-736 -5400 -?0!14 1;72 -114 -39 36 132 
32 -33t -156 24 132 -273 -673 -42 
203 -360 -954 l?? 222 432 -52: -111 
-16 765 432 -504 -156 -24 414 51 
49 384 192 9 -4;: -78 -13; .33 21 9 
!I 0 -24 - 4 3 1 ;5 JO 9 -9 -1: 
-16 44 -44 44 7 -2 
16 -163 -165 16C -iG -21 
16 -168 lE8 1GC c I! -6G -66 -21 
” = 
9 10 
2 
-15 ;: 
5 r 
15 -;; 
-15 15 
-12 -6 
3 -3 
-21 -3 
-0 9 
27 9 
1 -1 
5 -5 
75 -75 
-174 174 
24 30 
-27 27 
135 Cl 
126 -126 
-69 -27 
27 -27 
24 -24 
72 -72 
-96 -72 
-108 1 3 c 
-51 -3 
-3 3 
-147 -353 
-(I 3 
-27 9 
-27 "7 
87 :;9 
-126 -144 
-21 129 
4 -2 
-15 1s 
-105 9 
-23 23 
132 E 
21 -21 
48 -G 
43 -6 
48 13s -12 
-273 141 -90 -1:; 
7:: 
a4 
9 -El -24 -35 -12 
2 -2 
-21 21 
21 21 
11 12 13 
-5 5 -5 
-6 -6 6 
-32 32 -32 
-c4 -6 fi 
-G -15 15 
9 -9 0 
-42 21 -21 
-q -18 0 
-6 -6 6 
0 6 0 
0 0 0 
-22 22 -22 
66 66 -66 
-42 -111 111 
3 -3 12 
-37 37 
-246 0 
111 111 -111 
23 -3 -21 
27 27 -27 
-19: 14: -141 
-6E4 -?? 93 
-111 l?C -36 
-4: -135 1'2 5 
j: -:" PI 
1 :, -7 7 
276 -7: -75 
-9 ') -12 
-46C -122 "9 
27 -27 -102 
-27 -1: -6 
129 -12'1 -93 
-9 -C 42 
7 -7 1 
,546 132 -1;; 
-42 -3'3 45 
-1s -13 13 
36 24 -42 
6 -6 
-123 -21 
GlO 327 -156 
-12 -6 0 
0 -3 -6 
-7 
-6 
7 
-6 
-7 
E 
-6 6 6 
and the output from the subprogram TRB consists of a multiple of S,“” (V = 1 + 26) for fixed 
i, j, k. 
For a finite element package, the programs of Figs. 3 can easily be modified to evaluate and 
store 9’s and Y’s instead of evaluating A- and B-integrals. When thus modified and program- 
med in a more suitable language, they can be used as the uppermost box of Fig. 2. 
Other basic integrals 
As mentioned previously, for any element whose Jacobian is a constant with respect to the 
local coordinates even the basic integrals with s 2 2 (cf. eq. (13)) have analytic expressions. 
Thus, for the ten-node tetrahedral element with straight edges and mid-edge nodes the basic 
integrals with s = 2 may be written as 
(a,~=1+3; i,j,k ,..., I=l-,lO) 
where V’ is the volume of the element, the U,, (a = I + 3; v = 2 + 4) are given in eqn 
the s$;...m are rational numbers defined by 
(41). and 
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denominator 
of sijL 
" 
I 
3 
4 
-10 
-2 
5 
2 
4 
cl 
0 
0 
24 
- 3 4 
10 
-10 
-10 
26 
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6 
14 
-38 
-74 
-118 
10 
2 
-142 
-6 
-58 
-6 
-10 
-90 
-6 
-2 
100 
30 
12 
-32 
-12 
1c 
116 
12 
76 
-12 
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-4 
0 
12 
17 
!I 
e 
-?‘I 
2 
12 
4 
2 
-12 
7 
0 
4: 
-ES 
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-23 
-20 
52 
-4 
12 
23 
-76 
-4 
-236 
22 
4 
46 
-i 
G 
-104 
90 
-48 
2 
200 
GO 
24 
-88 
-24 
>8 
58 
G 
236 
12 
-20 
-2 
0 
24 
0 
0 
7 
-6 
9 
21 
- ,I 
7 
6 
1 
0 
-41‘ 
75 
:1 
-27 
21 
0 
-32 
0 
45 
153 
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-27 
-26 
-7 
-5 4 
0 
-180 
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-75 
0 
15 
0 
342 
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0 
3E 
D 
63 
171 
51 
108 
-36 
-13 
-3 
0 
0 
0 
C 
7 
6 
-? 
-i 
-21 
_rT 
0 
3 
0 
r. 
3 
1 
- ! : 
9 
F. 
: 
!I 
0 
0 
3 
0 
4 2 
0 
-32 
0 
0 
0 
1E 
0 
3 
-15; 
-3 
-117 
51 
-72 
33 
-3E 
-7 
0 
-102 
0 
66 
6: 
171 
51 
132 
-6 
-16 
-3 
0 
0 
0 0 
C 0 
0 0 
-36 36 
I; 2 - 4 2 
7 -6 
rl -6 
_(j _f 
9 
24 1: 
0 3 
!? 0 
-96 9E 
204 -2n4 
0 -12 
-33 33 
70 90 
0 0 
-140 -60 
0 
63 -6 
-78 73 
330 78 
462 -462 
-92 -54 
-18 18 
60 450 
0 6 
-84 -42 
0 -E6 
126 -102 
0 -30 
-78 -42 
0 1s 
GD -GO 
-33 -30 
0 0 
120 60 
0 0 
42 -60 
42 84 
66 132 
-96 132 
24 -12 
0 0 
-12 -24 
9 0 
0 0 
3 
-33 
3: 
0 
0 D 
0 0 
n 
. II __ 
r) 
1 
4 <I 
-7j 
-3 
27 
I?? 
0 
-?!I 
0 
-45 
-153 
57 
27 
-29 
7 
99 
j 
-171 
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-57 
-33 
n 
7 
-342 
-51 
9: 
0 
-126 
342 
102 
'30 
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-3fi 
-6 
1 
'I 
12 
0 
0 
0 
0 
-5 
-9 
2 
30 
n 
0 
-50 
135 
0 
-15 
105 
il) ‘1 
-33 ‘? 
-3 3 
3 : 
-9 -1" 
? T) 
12 ;n 
0 0 
0 3 
c3 0 
1; 
0 
230 
0 
-eo 
0 
0 
0 
-96 
0 
-6 
-29: 
-6 
-42 
66 
0 
-1;: 
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-60 
0 
GO 
0 
18 
42 
-135 cl 
-15 15 
15 0 
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0 0 
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0 
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0 
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-45 
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90 210 
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-180 
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GO 30 
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340200 
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?70100 
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42525 
340200 
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340200 
56700 
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_- -12 0 9 0 0 0 0 0 3 0 G5050 
-20 -46 
0 0 
44 *" 
-31 _;; 
26 - L ii 
2 4 
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-10 10 
-30 -60 
133 260 
206 412 
24 -44 
-94 -188 
-6 -12 
142 2C4 
-494 -124 
-178 -35G 
110 -75 
22 44 
-442 346 
14 -14 
2 5s 
94 -94 
50 136 
290 -290 
94 272 
-22 22 
-20 -40 
-70 -140 
-28 -56 
-32 152 
28 56 
16 98 
-4 -2 
-1E8 -94 
-284 -604 
28 -28 
40 20 
36 1s 
0 0 
-28 -56 
-28 28 
Expressions similar to eqn (44) can be obtained for s 2 3 as well. However the number of terms 
in the expressions is 3” and thus grows rapidly with s. 
As with the A- and B-integrals, the 3’s in eqn (44) need be evaluated from eqn (45) only for 
a set of representative integrals. The remaining coefficients may easily be obtained from the 
group transformation properties. 
If numerical quadrature is to be used in the evaluation of the integrals of eqn (44) then, 
whether the Jacobian is constant or not, observations of the type 
(46) 
2 Izgkl.. m = Itiji... m 
k 
can considerably reduce the amount of computation time. 
4. COMPARISON WITH METHODS BASED ON 
NUMERICAL QUADRATURE 
The best numerical quadrature formulae known to the author which are appropriate for 
exactly computing A- and B-integrals with three superscript indices for the ten-node iso- 
parametric tetrahedral finite element are product Gaussian formulae [ 1 l] which use 53 = 125 and 
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43 = 64 quadrature points, respectively. In general when product Gaussian formulae are used, 
the number of numerical quadrature points needed for exact integration is (t + 2)3 for both A- 
and B-integrals (see eqns 13-15). Thus, when numerical quadrature is used, the product, 
integrand times quadrature weight, must be evaluated at (t + 2)’ positions within the element 
and then summed. This requires at least (t + 2)3 floating-point multiplications and at least (t + 2~~ 
floating-point additions per integral. In contrast, analytic integration of A- and B-integrals 
requires, after some initial overhead to be analyzed subsequently, only 20 or 26, respectively, 
floating-point multiplications and additions per integrals (independent of t). The number of 
A-integrals with t indices to be evaluated is (t +9)!/(9!t!), while the number of B-integrals with 
(t + 1) superscript indices is (3O(t + 9)!)/(9!r). 
The numerical quadrature methods for evaluating integrals Ai” and B”” must typically 
sacrifice some speed to maintain a reasonable program size. Thus, one reasonable approach for 
evaluating the integrals Ai” is first to evaluate and store the 1250 values, N,’ = N’(t”), of the 10 
shape functions N’ evaluated at the 125 quadrature points 5”. Then one may evaluate and store 
125 values of wJKJ,, where w, is the quadrature weight-for the Kth quadrature point and 
J, = J(t”) is the value of the Jacobian at 5”. One may next use 125 more storage locations for 
( wJK) r N,’ for one value of i at a time. Once this is done the 220 distinct integrals Aijk may be 
evaluated with 250 floating-point multiplications and 125 floating-point additions per integral. 
These seem to be about the best operation counts that can be achieved when using only about 
1500 storage locations. 
A similar analysis for the integrals B?k indicates that one may use 640 storage locations to 
store the N.’ and 64 locations to store the w,. Then 64 more locations can be used to store the 
quantities wJK(aNi(p)/ax,) for one set of values of (Y and j at a time. Through the use of this 
approach the integrals B,‘jk may be evaluated with little more than 128 floating-point multi- 
plications and 64 floating-point additions per integral. 
By comparison the operation counts for the symbolic integration approach may be analyzed 
as follows: The W’s and Y’s are the same from element o element, so the cost of forming them 
is negligible when there are several finite elements of the same type in the problem domain. 
However, even if there were only one tetrahedral element, the cost of forming the 3’s and Y’s 
would be small. This is because the entries in Table I have magnitude one or zero, and thus the 
3’s and Y’s may be formed from the R’s and S’s without using any floating-point multi- 
plication. 
In order to form the quantities T, and U,, one needs to evaluate quantities of the forms 
and 
(i,j=l+lO; cr=1+3) 
3 3 
p = z Ea~yxpi~xBi~xyk = C U,iiX,ke; 
(i,j,k= l+lO). 
a&r = I a=1 
(47) 
(48) 
The evaluation of the uaii requires 270 floating-point multiplications and 135 floating-point 
subtractions. The tijk can be formed from the u,‘j with 360 floating-point multiplications and 240 
floating-point additions or subtractions. The quantities U,, and T,, can be formed as linear 
combinations of uaii and tiik with a negligible number of floating-point multiplications and 
divisions and about 3000 floating-point additions. The overhead when spread over 1650 integrals 
B,‘” and 220 integrals Aijk is thus seen to be small. The resulting number of floating-point 
multiplications and additions per A” integral is about 22 and 27, respectively, and per B,‘jk 
integral is about 26 and 27, respectively. 
The above analysis in terms of floating-point operation counts is somewhat crude, but is 
indicative of the advantages of using analytic integration techniques if A- and B-integrals with 
three or more superscript indices are desired. 
5. POSSIBLE EXTENSIONS 
The results presented here may be extended in several ways. The most immediate xtension 
would be toward the evaluation of the 715 distinct A-integrals and 6600 distinct B-integrals with 
four superscript indices for the ten-node isoparametric tetrahedral finite element. This task is a 
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straight forward one which involves computing coefficients for 53 and 128 representative 
integrals of the form Aiik’ and B,‘jk’, respectively. Only trivial modifications to the APL 
programs of Fig. 3 would be needed to evaluate the additional integrals because the T’s and 
U’s remain unchanged. 
An analysis of integrals over isoparametric tetrahedral elements with 20 or 35 symmetrically 
placed nodes would be nearly identical with the analysis presented herein. The A-integrals for 
the 20-node and 35node elements can be expected to require 84 and 220 terms, respectively 
(see eqn 20). For the 20-node lement 114 representative integrals uffice for the evaluation of 
the 1771 A-integrals which have up to three indices. For the 35node element 453 representative 
integrals are needed for evaluation of the 8436 A-integrals with up to three indices. 
Two other families of elements which may be analyzed via the techniques of Section 2, are 
the isoparametric pentahedrons (distorted triangular prisms) and the isoparametric hexahedrons 
(distorted cubes). The relevant symmetry groups for these elements are the groups DM and 4 
with orders 12 and 48, respectively. The analyses of both the pentahedral and hexahedral 
elements is complicated by the fact that complete polynomial bases are not possible, e.g. sixth 
degree terms such as x2y2z2 may be included even though fifth degree terms such as x5 or x4y 
are omitted. The isoparametric pentahedral nd hexahedral elements with vertex and mid-edge 
nodes have 15 and 20 nodes, respectively. The 20-node hexahedral element, for example, 
requires 136 terms in the expansion of its A-integrals. It has not been investigated how many 
indices such A-integrals must have before this large number of terms would represent an 
improvement of efficiency over numerical quadrature. One may also analyze elements which 
have less than the full symmetry, e.g. distorted cube elements with 4 nodes on each horizontal 
edge but only 3 nodes on each vertical edge. 
6. CONCLUDING REMARKS 
A technique is presented for evaluating certain classes of integrals which arise through the 
use of three-dimensional isoparametric finite elements. Explicit formulas together with tables of 
coefficients are given for integrals for ten-node isoparametric tetrahedral finite elements. It is 
shown for all but perhaps the simplest of these integrals that the technique is more efficient, 
though less versatile, than numerical quadrature. 
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Thus 
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Similar relations hold for @,/Jx, and a$r/&x,. The three relations are summarized by eqn (7). 
